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Math 2301-102 (3961) Fall 2016 Test through 2.8 p-1

score | possible | page Name:
20 1
30 2 Show your work!
25 3 You may not give or receive any assistance during a test, including but
25 4 not limited to using notes, phones, calculators, computers, or another
100 student’s solutions. (You may ask me questions.)

1. Complete the definitions:

e Definition: A function f is continuous at a number a if ...

lim f(z) = f(a).

T—ra

e Definition: A function f is differentiable at a if ...
f'(a) exists.
Give an example of a function that is one but not the other.

The function f(z) = |x| is continuous (everywhere), but is not differentiable at a = 0 since

|0+ h| . —h . |0+ A . h
= lim — = -1# lim —— = lim —=1.
B 7w = = i

2. State the Intermediate Value Theorem. Identify what are its assumptions (hypotheses) and what are
its conclusions. Use the Intermediate Value Theorem to show that the equation 5% = x2 has a solution.

If (hypotheses)
e f is continuous on [a,b] and
o f(a) < N < f(b) or f(a) > N > f(b),
then (conclusions) there exists ¢ € (a, b) such that f(c) = N.

Let f(z) = 2% — 5%, so we want to show a solution to f(z) = 0 exists. Since x and 5% are both
continuous, so is f(z). Plugging in, we find

f(0)=0-5"=—-1<0 and
f(=1)=1-5"1=4/5>0.

So, by the Intermediate Value Theorem, there must exist —1 < ¢ < 0 such that f(c¢) = 0.
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3. Compute the following derivatives:

/10 (a) f(x)=cot <x2 + % + zt/* 4 sec(z) — sin(8)>
= ['(x) =

1 _.
— csc? (.7:2 + 3 + zt/* 4 sec(x) — Sin(S)) (2.7: — 3724 1.7:73/4 + sec(z) tan(z) + O)
x

/10 (b) D, [cos(z)sin(8 + z° + sin(z))] =

— sin(z) sin(8 + x° + sin(x)) + cos(x) cos(8 + 2° + sin(z))(0 4 52* + cos(x))

/10 (c) y=sin’ (CO:(x)) N 3_3; -
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4. Use implicit differentiation to find an equation for the tangent line to the curve defined by

Vv +y =1+ 2%y?* at the point (0,1).
Differentiating both sides with respect to z yields

1 dy 2 25, Ay
— | =042 2y—=.
20z +y ( i ) teory e Yz

Gathering terms Wlth Y yields

1 dy 5 dy 1

= 21y
2«/$—|— dx Iyda: 2\/:(;—1—yJr Y

Solving for Y yields
dy 2\/?4'2737/ —1 +4day®/x Tty

dx ﬁ 202y 1 —da?yJrty

At (0,1) this yields slope —1 so the tangent line is
y=—1(z—0)+1

(We should also check that (0,1) is on the curve by plugging in the original equation to get v/0+ 1 =
1+0.)

The radius of a circular disk is given as 25 cm with a maximum error in measurement of 0.2cm. Use
differentials to estimate

e the maximum error in the calculated area of the disk, and

e the percentage error in the calculated area of the disk.
dA

Starting with the area formula A = 7%, we can differentiate with respect to r to obtain % = 27r.
Converting to differentials yields dA = 2zr dr. The estimated maximum error in the area is then

2

dA = 27(25cm)(0.2cm) = 107 cm?.

The estimated percentage error is

A 2 2 2
44, 00% = 2" dr 100% = 297 1009 = 2(0-2em)
A T r 25 cm

100% = 2(0.2)(4)% = 1.6%.
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/15 6. Two sides of a triangle are 4m and 5m in length and the angle between them is increasing at a rate
of 0.08rad/s. Find the rate at which the area of the triangle is increasing when the angle between the
sides of fixed length is 7/3.

5m

Call the angle 6 and make the longer side the base of the triangle, as pictured above. The vertical line
segment from the top vertex to the base has length of the height h and hits the base at a right angle.

We then have sin(d) = ;= so h = 4msin(). The area of the triangle is

A= Loh = L) msine)) = 10sin(o)m?.

Differentiating yields

dA do 1 ) )
= 10cos(B)m? = = 10 cos(r/3)m?0.08s " = 1050.08% _ 0,4%.
/10 7. Use a linear approximation (or differentials) to estimate (1.99)%.

Set f(x) = a* so f/(x) = 42®. Selecting a = 2 we have the linear approximation
f(x) =~ La(z) = f(2) + f'(2)(z — 2) = 16 + 32(z — 2)

s0 (1.99)* = f£(1.99) ~ 16 4 32(—0.01) = 16 — 0.32 = 15.68.
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